We survey some recent classi cation theorems for elation generalized quadrangles of order (q 2 ; q); q even, with particular emphasis on those involving subquadrangles of order q.
Introduction
A generalized quadrangle (GQ) of order (s; t) is an incidence structure (P; B; I) in which P and B are disjoint (non-empty) sets of points and lines and for which I is a symmetric point-line incidence relation satisfying the following axioms:
(i) Each point is incident with 1 + t lines (t 1) and two distinct points are incident with at most one line.
(ii) Each line is incident with 1 + s points (s 1) and two distinct lines are incident with at most one point.
(iii) If x is a point and L is a line not incident with x then there is a unique pair (y; M) 2 P B such that x I M I y I L:
If s = t then the GQ has order s. For an introduction to GQ, see 34].
The dual of the incidence structure (P; B; I) is the incidence structure (B; P; I): It is immediate that the dual of a GQ S of order (s; t) is a GQ Sô f order (t; s):
Higman (see 34, 1.2.3] ) showed that in a GQ of order (s; t) where s; t > 1 we have t s 2 (and, dually, s t 2 ): In this paper we propose to survey some results on GQ of order (q 2 ; q), that is, those which have equality in Higman's bound, and therefore represent the extremal con gurations. We will see below that these GQ are linked with ovoids in PG(3; q); and therefore with inversive planes, in two di erent ways. The rst is via Tits' construction of a GQ of order (q; q 2 ) from any ovoid in PG(3; q), and the second occurs because ovoids in PG(3; q) arise in certain classical subquadrangles of GQ of order (q; q 2 ): The classi cation of ovoids in PG(3; q); q even, is one of the most important outstanding problems in nite geometry, and there is some hope that these links might provide further insight, or at least transmit information in both directions. Further, to GQ of order (q 2 ; q) constructed from a q-clan there correspond ovals, ocks and translation planes. Apart from contributing to the study of the associated GQ, these structures are important in their own right.
A fundamental concept in this area is that of an elation generalized quadrangle. Let S be a GQ of order (s; t) and let p be a point of S: An elation about p is either the identity collineation or a collineation of S which xes each line incident with p and xes no point not collinear with p: If S admits a group G of elations about p acting regularly on the points not collinear with p then S is an elation generalized quadrangle (EGQ) with elation group G and base point p:
The well-known connections between the various geometrical objects mentioned above mean that it should be pro table to study ocks, ovoids and GQ together. In this paper we attempt to draw together results of this nature, and also re-interpret existing results within the wider framework.
The known examples
As far as the authors are aware, every known GQ of order (q 2 ; q) is of the form either T 3 ( )^for some ovoid (Section 2.2) or GQ(C) for some q-clan C (Section 2.3) or is a Roman GQ (Payne 31] ). Further, each of these examples can be constructed via a 4-gonal family in an appropriate group (Section 2.3). It is interesting to note that the Roman GQ are indirectly associated with q-clans since they are the translation duals of the duals of the GQ which arise from the Ganley q-clans.
We remark that there is a unique GQ of order (2; 4) 40, 41, 42, 12] and a unique GQ of order (3; 9), see 34].
2.1
The We remark that for q odd, every ovoid is an elliptic quadric (Barlotti 3] and Panella 28] ), so every GQ T 3 ( ) is classical. Thus these quadrangles are only new in the case q even.
Since there are two in nite families of ovoids of PG(2; q) known, namely the elliptic quadrics for all q and the Tits ovoids for q = 2 h ; h 3 odd, there is one in nite family of non-classical GQ T 3 ( ) known. These examples T 3 ( ) and their duals T 3 ( )^are EGQ. Let C be a q-clan, for each t 2 GF(q) let K t = A t +A T t and de ne the following subgroups of G : A(1) = f(0; 0; ) : 2 GF(q) 2 g and A(t) = f( ; A t T ; K t ) : 2 GF(q) 2 g; t 2 GF(q): For each t 2 GF(q) f1g we de ne A (t) = A(t)Z where Z = f(0; c; 0) : c 2 GF(q)g is the centre of G: Then F = fA(t) : t 2 GF(q) f1gg is a 4-gonal family for G (q odd: Kantor 16] , q even: Payne 29, 30 ], see 34, 10.4 
]).
We have therefore outlined a process by which a q-clan C = fA t : t 2 GF(q)g gives rise to a 4-gonal family for the group G above, and hence to an EGQ GQ(C) of order (q 2 ; q) and with base point (1) Then jHj = q 4 : Now H xes and 0 ; so acts on the q ? 1 further planes on L in 1 : As there is an odd number of these and jHj is even, H xes a further plane on L and hence H xes every plane of the pencil with carrier L (since H acting on the planes of 1 on L is a subgroup of PGL(1; q)).
Let I( ) denote the inversive plane with points the points of and circles the plane sections of : A t translation about p of an inversive plane is an automorphism which xes a point p and every circle of a pencil with carrier p: We have shown that H is a group of translations of I( ) of order q 4 : Glynn 13] has shown that this implies that is either an elliptic quadric or a Tits ovoid.
Conversely, suppose that is either an elliptic quadric or a Tits ovoid.
In the rst case, T 3 ( )^is isomorphic to Q ? (5; q)^; which is an EGQ with any of its points as base point. In the second case, we show that T 3 ( )^is an EGQ with base point a point of the ovoid by displaying an appropriate elation group G; as follows. Let G be the subgroup of the Sylow 2-subgroup of AGL(4; q) which xes a point p 2 and xes each hyperplane of PG(4; q) n 1 which meets 1 in the tangent plane to at p (this exists, by the rst part of the proof). So G is a subgroup of AutT 3 ( ) (1) : By There are stronger characterisations of the known ovoids in PG(3; q), see 14, 24] , thus the same result can be proved under weaker hypotheses on the subquadrangles.
3.2
Characterizations of GQ(C); q even Let q be even and let GQ(C) be the EGQ arising from a q-clan C as in 
GQ with subGQ of order q and ovoids
In this section we explore a further connection between GQ of order (q 2 ; q) and ovoids. The connection arises because whenever a GQ of order (q 2 ; q) has a subquadrangle of order q, there are spreads subtended in the subquadrangle.
Thus there are ovoids subtended in the dual subquadrangle.
We also remark that further progress on the classi cation of ovoids in PG(3; q) would have consequences on the classi cation of the GQ of order (q 2 ; q). (and in this case each subtended ovoid is an elliptic quadric).
If the conjecture that the only ovoids of W(q) are the elliptic quadrics and the Tits ovoids, then every GQ of order (q; q 2 ); q even, which contains a subGQ isomorphic to W(q) is isomorphic to Q ? (5; q): In particular, this is true for q 32: On the other hand, if there is another such GQ then there are new ovoids in PG(3; q):
In the case q odd, there are interesting non-classical examples of GQ of order (q 2 ; q); such as the Kantor GQs (see, for example, Bader 1] ). Again, Brown has made some progress on classi cation in this case. The duals of the Roman GQ (here q = 3 r ; r 2) also have classical subquadrangles of order q ( 46] ).
